We consider a stochastic model for the spread of an SIR (susceptible ! infective ! removed) epidemic among a closed, nite population that contains several types of individuals and is partitioned into households. The infection rate between two individuals depends on the types of the transmitting and receiving individuals and also on whether the infection is local (i.e. within a household) or global (i.e. between households). The exact distribution of the nal outcome of the epidemic is outlined. A branching process approximation for the early stages of the epidemic is described and made fully rigorous, by considering a sequence of epidemics in which the number of households tends to in nity and using a coupling argument. This leads to a threshold theorem for the epidemic model. A central limit theorem for the nal outcome of epidemics which take o is derived, by exploiting an embedding representation.
Introduction
Stochastic epidemic models are well known for their high level of mathematical intractability and consequently considerable research e ort has gone into deriving asymptotic results as the population size becomes large, such as branching process approximations for the early stages of an epidemic (see, for example, Bartlett (1955) , Kendall (1956) and Ball and Donnelly (1995) ) and central limit theorems for the size of an epidemic if it takes o (see, for example, von Bahr and Martin-L of (1980), Watson (1981) and Scalia-Tomba (1985) ). These asymptotic results are not only of mathematical interest; they also provide important insights into the qualitative behaviour of models, most notably the celebrated threshold theorem, which has a long history going back to the pioneering paper of Whittle (1955) . In order for these insights to be practically relevant, it is necessary that modelling assumptions re ect adequately what happens in real-life epidemics. Most models for epidemics among large populations assume that the population among which a disease is spreading is locally, as well as globally, large. By locally large, it is meant that if the population is partitioned into groups, for example, by age, sex and/or geographical location, then each of these groups, and not just the total population, is large. Locally large populations are clearly inappropriate for most human epidemics, since human populations are usually partitioned into small groups or households. The mixing behaviour of human populations is typically highly complex; see Andersson (1999) for a survey of stochastic models for the spread of an epidemic across a social network. One class of models that have received considerable attention recently is the household model (see, for example, Becker and Dietz (1995) , Ball et al. (1997) and Becker and Utev (1998) ), in which the population is partitioned into small households and there are di erent infection rates for within-household and between-household infections.
The vast majority of previous studies of epidemics among a population of households have assumed that all individuals are of the same type. However, it is wellknown that for many real-life epidemics heterogeneities between individuals, such as those owing to age, sex and response to vaccine, can signi cantly a ect disease transmission. Becker and Hall (1996) considered an SIR (susceptible ! infective ! Stochastic multitype SIR epidemics among a population partitioned into households 3 removed) household model for an epidemic among a population comprising individuals of various types. Households were classi ed according to the eventual number of cases within them and the proliferation of infected households was approximated by a multitype branching process. In order to obtain more explicit results, it was assumed that the disease was highly infectious such that if one individual in a household became infected then the entire household was infected.
The aim of this paper is to give a mathematical analysis of a stochastic multitype SIR household epidemic model in a closed population. The basic model is described in Section 2. Exact results concerning the nal outcome of the epidemic can be obtained from corresponding results for multitype non-household epidemics, given, for example, in Picard and Lef evre (1990) , as outlined in Section 3. However, these exact results are of very limited practical use in the household model setting since they cannot be implemented numerically, except for very small population sizes, and they do not give any insight into the behaviour of the model. Nevertheless, the exact results for multitype non-household epidemics are important in the household model setting, as they enable the parameters of the asymptotic results developed in Sections 4 and 5 to be evaluated. Sections 4 and 5 are concerned with the limiting behaviour of a sequence of multitype household epidemics, in which the number of households tends to in nity in a certain fashion. In Section 4, it is shown that the epidemic process converges almost surely to a multitype branching process, which leads to a threshold theorem for our model. In Section 5, a central limit theorem for the nal outcome of epidemics which take o is obtained. This central limit theorem is important in that not only does it indicate the likely extent of a major epidemic but it is also useful for inferential purposes. Addy et al. (1991) considered a multitype SIR epidemic model, outlined in Section 3, in which individuals can be infected either from within the population or from an unspeci ed source outside the population. This model can be used to facilitate parameter estimation for our model from nal outcome data, essentially by assuming that the outbreaks within di erent households are independent, and relating probabilities of avoiding outside infection in Addy et al.' s model to between household infection rates in our model (c.f. Ball et al. (1997) , Section 5.1). The central limit theorem developed in Section 5 enables 4 FRANK G. BALL AND OWEN D. LYNE standard errors to be attached to the above estimates; those obtained from standard maximum likelihood theory, ignoring the dependence between households, can be appreciably too low. Statistical inference for our model will be treated in a separate paper. Finally, a few extensions and special cases of our basic model are outlined in Section 6.
Model
Consider the following model for the spread of an epidemic among a closed population partitioned into households. The population contains J classes of individuals, labelled 1; 2; : : : ; J. Let N = n = (n 1 ; n 2 ; : : : ; n J ) 2 Z J : n i 0 (i = 1; 2; : : : ; J) and jnj = P J i=1 n i 1 . Suppose that for n 2 N the population contains M n households of category n, where a household of category n contains n j individuals of class j ? j 2 J = f1; 2; : : : ; Jg . Let M = P n2N M n denote the total number of households in the population, N j = P n2N n j M n denote the total number of individuals of class j in the population (j 2 J ) and N = P n2N jnjM n denote the total number of individuals in the population. Assume that N, and hence N j (j 2 J ) and M, are all nite.
The epidemic is initiated by a number of individuals becoming infected at time t = 0. The remaining individuals in the population are all assumed to be susceptible at time t = 0. (Explicit assumptions about the number and con guration of initial infectives are made as and when they are required in the paper.) The infectious periods of di erent infectives are assumed to be independent and, for j 2 J , the infectious periods of class j infectives are each distributed according to an almost surely nite random variable T (j) I , having an arbitrary but speci ed distribution. For i; j 2 J , throughout its infectious period a given infective of class i makes infectious contacts with each susceptible of class j in the population at the points of a homogeneous Poisson process having rate G ij =N j , and, additionally, with each susceptible of class j in its own household at the points of a homogeneous Poisson process having rate L ij . All the Poisson processes describing infectious contacts (whether or not either or both of the individuals involved are the same), as well as the random variables Stochastic multitype SIR epidemics among a population partitioned into households 5 describing infectious periods, are assumed to be mutually independent. A susceptible becomes infective as soon as it is contacted by an infective and is removed (and plays no further part in the epidemic) at the end of its infectious period. The epidemic ceases as soon as there are no infectives present in the population.
Exact Results
Note that by labelling the households 1; 2; : : : ; M and assigning a household-type i to each individual in household i 2 M = f1; 2; : : : ; Mg, the epidemic model described in Section 2 can be viewed as a classical multitype epidemic among a population not partitioned into households but having type space M J . Thus exact results concerning the nal outcome of our multiclass households models can, in principle, be derived from corresponding results for multitype SIR stochastic epidemics, given for example in Ball (1986) , Picard and Lef evre (1990) , Ball and Clancy (1993) or Ball and O'Neill (1999) .
Consider the spread of infection among a single household of category n in isolation, so there is no global infection, and suppose that initially there are a i infectives and n i ? a i susceptibles of class i (i 2 J ). Suppose also that, during the course of the epidemic, initially susceptible individuals avoid infection from outside the household independently and with probability i for a class i susceptible (i 2 J ). This epidemic model was studied by Addy et al. (1991) Proof. Theorem 3.1 with i = 1 (i 2 J ) follows from Proposition 4.3 of Picard and Lef evre (1990) , see also Theorem 3.1 of Ball and Clancy (1993) . The result with general follows, after a little algebra, by conditioning on the number of initial susceptibles that avoid outside infection.
Moments of (N ; T A ) and the mass function of N can be obtained by suitable di erentiation of (3.1), the calculation of properties of N being facilitated by results about derivatives of multivariate Gontcharo polynomials given in Lef evre and . A triangular system of linear equations which determines the mass function of N is given by Addy et al. (1991). 4. Branching process approximation and threshold behaviour 4.1. Construction of sequence of epidemics and approximating branching process.
To obtain a threshold theorem, we consider a sequence of epidemics E ( ) ( = 1; 2; : : : ), each following the model described in Section 2, with the epidemic E ( ) Stochastic multitype SIR epidemics among a population partitioned into households 7 being among a population of nite total size N ( ) , consisting of M ( ) n households of category n (n 2 N) and containing, in total, M ( ) households and N ( ) j individuals of class j (j 2 J ). For = 1; 2; : : :, the epidemic E ( ) is initiated by a single individual becoming infected, which for sake of argument is assumed to be of class 1 and chosen uniformly from the N ( ) 1 class 1 individuals in the population.
It is useful to introduce a total (or linear) ordering on N by de ning n n 0 if (i) jnj jn 0 j and, (ii) if jnj = jn 0 j then either n = n 0 or n i < n 0 i where i = minfj 2 J : n j 6 = n 0 j g. In order to construct realisations of E ( ) ( = 1; 2; : : :) on the same probability space, it is fruitful to give an alternative but equivalent description of the epidemic described in Section 2, by attaching independent infectious careers to each individual in the population. For n 2 N and j 2 J , let H (n;j) = fT (j) I ; ( (n;j;k) L ; (n;j;k) G )(k 2 J )g denote the infectious career of a typical class j individual residing in a category n household, where T (j) I is the time elapsing between the individual's infection and it being removed, and, for k 2 J , (n;j;k) L and (n;j;k) G are point processes of times, relative to the individual's infection, at which local (within-household) and global (between-household) contacts are made, respectively, to individuals of class k. Each class k local contact is with an individual chosen independently and uniformly from the n k class k individuals within the household, whilst each class k global contact is with an individual chosen independently and uniformly from the N k class k in-8 FRANK G. BALL AND OWEN D. LYNE dividuals in the entire population. If a contacted individual is susceptible then it becomes infected and adopts its infectious career, otherwise nothing happens. It is easily seen, from standard properties of Poisson processes, that this description of the epidemic is equivalent to that given in Section 2 if the components T (j) I ; (n;j;k) L (k 2 J ), (n;j;k) G (k 2 J ) of H (n;j) are all independent and, for k 2 J , (n;j;k) L and (n;j;k) G are homogeneous Poisson processes having rates n k L jk and G jk , respectively. Let ( ; F; P) be a probability space on which are de ned the following independent sets of random quantities:
(i) for n 2 N and j 2 J , H (n;j) ik (i = 1; 2; : : : ; k = 1; 2; : : : ; n j ), independent and identically distributed according to H (n;j) ;
(ii) for n 2 N and j 2 J , (n;j) ik (i = 1; 2; : : : ; k = 1; 2; : : :), independent and uniformly distributed on f1; 2; : : : ; n j g;
(iii) U jk (j 2 J ; k = 0; 1; : : : ), independent and uniformly distributed on (0; 1). For = 1; 2; : : :, the epidemic E ( ) is constructed as follows. The initial infective, which recall is of class 1, has class-1-based label N ( ) 1 U 10 ] + 1, and hence populationbased label f ( ) 1 ( N ( ) 1 U 10 ] + 1), where, for x 2 R, x] denotes the greatest integer x. For n 2 N; j 2 J ; i = 1; 2; : : : ; M ( ) n and k = 1; 2; : : : ; n j , the kth individual of class j to be infected in the ith household of category n to be infected in the epidemic adopts the infectious career H (n;j) ik . Thus, if the initial infective resides in a category n household, it adopts the infectious career H (n;1) 11 . For n 2 N and i = 1; 2; : : : ; M ( ) n , suppose that the ith household of category n to be infected in the epidemic has label i 0 . Then for j 2 J and k = 1; 2; : : : , the individual contacted at the kth class j local contact occurring in household i 0 has household-based label i 0 ; j; (n;j) ik . For j 2 J and k = 1; 2; : : : , the individual contacted at the kth class j global contact occurring in E ( ) has class-j-based label N ( ) j U jk ]+1. Finally, for i = 1; 2; : : : ; M ( ) , suppose that the rst individual in household i to be infected in the epidemic has household-based label (i; j; k). Then, on its infection that individual interchanges its household, class-j and population-based labels with those of the individual having household-based label (i; j; 1). This nal part of the construction of E ( ) , although 9 not necessary to construct the epidemic process, is required in order to prove strong convergence of E ( ) to a branching process as ! 1.
In order to prove convergence of E ( ) to a branching process some conditions need to be imposed on the household structures of E ( ) ( = 1; 2; : : : ). Suppose that: For n 2 N, let ( ) (n) = jnjM ( ) n =N ( ) , (n) = jnj n =( P n 0 2N jn 0 j n 0); ( ) (n) = P n 0 n ( ) (n 0 ) and (n) = P n 0 n (n 0 ). Then, for n 2 N, ( ) (n) ! (n) and ( ) (n) ! (n) as ! 1. Also, for n 2 N and j 2 J , let ( )
Then, for n 2 N and j 2 J , ( ) j (n) ! j (n) and ( ) j (n) ! j (n) as ! 1. Note that, for n 2 N and j 2 J , ( ) (n) ? ( ) j (n) is the probability that an individual (class j individual) chosen uniformly at random from the population among which E ( ) is spreading resides in a household of category n and (n) ? j (n) is the corresponding limiting probability.
For n 2 N and i = 1; 2; : : :, the infectious careers H (n;j) ik (j 2 J ; k = 1; 2; : : : ; n j ) and the contact numbers (n;j) ik (j 2 J ; k = 1; 2; : : :) can be used to de ne, for each l 2 J such that n l > 0, a realisation, E (n;l) i say, of a multiclass SIR epidemic, E (n;l) , among a single household of category n, with one initial infective of class l, by ignoring the point processes of H (n;j) ik (j 2 J ; k = 1; 2; : : : ; n j ) which govern global contacts. In constructing E (n;l) i , the individuals in the household are labelled (j; k) (j 2 J ; k = 1; 2; : : : ; n j ) in the obvious fashion and the initial infective is individual (l; 1). Let D (n;l) i denote the duration of the epidemic E (n;l) i , i.e. the time from infection of the initial infective until removal of the nal infective, and let (n;l) i be the marked point process, obtained using the components of H (n;j) ik (j 2 J ; k = 1; 2; : : : ; n j ) governing global contacts, of times (relative to infection of the initial infective) at 10 FRANK G. BALL AND OWEN D. LYNE which infectives in E (n;l) i would make global contacts if they were allowed to. The marks in (n;l) i give the classes of individuals that the global contacts are with. The random quantities ? D (n;l) i ; (n;l) i (n 2 N; l 2 J ; i = 1; 2; : : : ), together with U jk (j 2 J ; k = 0; 1; : : :), can be used to construct a realisation of a general multitype branching process, with type space N J , as follows. Refer to the components n and l of the type (n; l) of an individual as its household-type and initial-infectivetype, respectively. The branching process has a single initial ancestor, whose initialinfective-type is 1 and whose household-type is determined by U 10 . Speci cally, its household-type is n if and only if U 10 2 ? 1 (n); 1 (n) , wheren is the predecessor of n in our ordering on N. (For completeness the predecessor of the rst household in the ordering, (1; 0; : : : ; 0), is de ned to be 0 = (0; 0; : : : ; 0), j (0) = 0 (j 2 J ) and (0) = 0.) For l 2 J and k = 1; 2; : : : , the kth individual having initial-infective-type l born in the branching process has household-type n (and thus is of type (n; l)) if and only if U lk 2 ? l (n); l (n) . Suppose that that individual is the pth individual of type (n; l) ever alive in the branching process. Then it lives until age D (n;l) p and reproduces at ages according to (n;l) p , with the marks of (n;l) p giving the initial-infective-types of its o spring.
4.2. Main convergence theorem. Before proving strong convergence of E ( ) to the above branching process, some more notation and a lemma are required. For j 2 J and x 2 (0; 1), let n(x; j) be the unique n 2 N satisfying j (n) < x j (n) and let n(x; j) denote the predecessor of n(x; j) under the ordering on N. For 
Clearly, as ! 1, both the upper and lower bounds converge to (n)+ (n) (x; j) = f j (x), which completes the proof.
For t 0, n 2 N and j 2 J , let Z ( ) n;j (t) be the number of households of category n, whose initial infective was of class j, in the epidemic E ( ) that are infectious at time t ( = 1; 2; : : : ) and let Z n;j (t) be the number of type (n; j) individuals that are alive in the branching process at time t. For t 0, let T n;j (t) be the number of type (n; j) individuals born in 0; t] in the branching process (n 2 N; j 2 J ), so the initial ancestor is counted, and let T(t) = P j2J P n2N T n;j (t). Let T(1) = lim t!1 T(t).
Suppose that the sequence of epidemic processes is such that the branching process is non-explosive, i.e. P(C) = 1, where C = f! 2 : T(t; !) < 1 8t > 0g. Note that this is necessarily the case in the practically realistic situation when the household size is bounded. 
for all j 2 J and all k 2 G ! . It then follows that, for
for all (j; j 0 ; k; k 0 ) 2 F \ (J 2 G 2 ! ).
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For l 2 G ! , let n(l) denote the household-type of the lth individual born in the branching process, and let n 0 (!) = max l2G! jn(l)j. Then, since N ( ) ! 1 as ! 1, there exists 2 (!) such that N ( ) > 3 (!) ?1 n 0 (!), for all 2 (!). Hence, for max ? 1 (!); 2 (!) , all the global contacts occurring in E ( ) (including the choice of initial infective) are with individuals in distinct households (since the populationbased labels of all the globally contacted individuals are more than the size of any of the households infected apart) and thus give rise to newly infected households. Thus, for such , every birth in the branching process corresponds to a newly infected household in E ( ) and (4.1) follows since P(A \ B \ D) = P(A). Equation (4.2) is proved similarly by xing ! 2 A c \ B \ C \ D, and using T(t 0 ; !) in place of T(1; !) in the above proof. Note that T(t 0 ; !) is nite since ! 2 C. This proves (4.2) since P(A c \ B \ C \ D) = P(A c ).
It is convenient to consider a less detailed description of the limiting branching process, in order to examine its asymptotic behaviour as t ! 1. For t 0, let Z(t) = ? Z 1 (t); Z 2 (t); : : : ; Z J (t) , where Z j (t) = P n2N Z n;j (t). Note that, for j 2 J , the household types of initial-infective-type j individuals born in the branching process are chosen independently from the distribution determined by j (n) (n 2 N). It follows that Z = Z(t); t 0 is a general J-type branching process, in which, for j 2 J , a typical individual of type j lives until age D (j) and reproduces at ages according to the marked point process (j) , where (D (j) ; (j) ) is a mixture of ? D (n;j) ; (n;j) (n 2 N) with respective mixing probabilities j (n) (n 2 N), where ? D (n;j) ; (n;j) is distributed as ? D (n;j) 1 ; (n;j) 1 . For i; j 2 J , let R ij denote the number of type-j o spring of a typical type-i individual in the branching process Z. LetM be the J J matrix with elementŝ m ij = E(R ij ) and suppose that the sequence of epidemic processes ? E ( ) is such that M is positively regular, i.e. all of its elements are nite and there exists n 2 N such that all the elements ofM n are strictly positive. For = 1; 2; : : : and j 2 J , let T ( ) n;j (1) be the total number of households of category n that receive infection in E ( ) and whose initial infective is of class j (n 2 N), and let T ( ) j (1) = P n2N T ( ) n;j (1) and T ( ) (1) = P j2J T ( ) j (1). Also, 14 FRANK G. BALL AND OWEN D. LYNE for j 2 J , let T n;j (1) = lim t!1 T n;j (t) (n 2 N) and T j (1) = P n2N T n;j (1).
Corollary 4.3 Let G = f(n; j) 2 N J : j (n) > 0g. Then (i)(a) lim !1 T ( ) n;j (1; !) = T n;j (1; !)
? (n; j) 2 N J for P-almost all ! 2 A and (i)(b) lim !1 T ( ) n;j (1; !) = T n;j (1; !)
? (n; j) 2 G for P-almost all ! 2 A c ;
(ii) lim !1 T ( ) j (1; !) = T j (1; !) (j 2 J ) almost surely, and
Proof. If ! 2 A \ B \ D then T(1; !) < 1 and lim !1 T ( ) n;j (1; !) = T n;j (1; !) (n 2 N; j 2 J ) since, as in the proof of Theorem 4.2, Z ( ) n;j (t; !) = Z n;j (t; !) (0 t < 1; n 2 N; j 2 J ) for all su ciently large . Part (i)(a) follows since P(A \ B \ D) = P(A).
Let A = f! 2 : T j (1; !) = 1 for all j 2 J g andÃ = f! 2 : T n;j (1; !) = 1 for all (n; j) 2 Gg, soÃ A A c . Then, by a standard result for multitype branching processes, P(A ) = P(A c ) since M is positively regular. Further, for (n; j) 2 G, the strong law of large numbers ensures that T n;j (1; !) = 1 for P-almost all ! 2 A . Hence, P(Ã) = P(A ), since G is countable. If ! 2Ã\B\C \D then, for any (n; j) 2 G and k > 0, let n;j;k (!) = infft : T n;j (t; !) kg. Then n;j;k (!) < 1 so, as in the proof of Theorem 4.2, for xed n; j and k, Z ( ) n;j (t; !) = Z n;j (t; !) ? 0 t n;j;k (!) for all su ciently large . Thus, for (n; j) 2 G, lim !1 T ( ) n;j (1; !) k (k > 0) and hence lim !1 T ( ) n;j (1; !) = 1 = T n;j (1; !). Part (i)(b) now follows since P(Ã \ B \ C \ D) = P(A c ).
Parts (ii) and (iii) follow immediately from part (i) by appropriate summation.
4.3. Threshold behaviour. Corollary 4.3 leads directly to a threshold theorem for our multiclass household epidemic model. A global epidemic is said to occur if in the limit as ! 1 the epidemic E ( ) infects in nitely many households. Note that the mean matrixM, and hence the threshold parameter R , can be computed as follows. For n 2 N and i; k 2 J , let N n;i;k the total number of class k individuals ultimately infected in the closed single household epidemic E (n;i) and let T A n;i;k denote the sum of the infectious periods of all the N n;i;k class k infectives.
Then, since the processes describing global contacts are all Poisson, it follows that, for i 2 J , given n and T A n;i;k (k 2 J ), R i1 ; R i2 ; : : : ; R iJ are independent Poisson random variables with which can be evaluated using Theorem 3.1.
Other properties of the epidemic process, as ! 1, such as the probability that a global epidemic occurs and the mean size of a non-global epidemic, can be obtained using standard results for multitype Galton-Watson processes and exact results for multitype epidemic processes given in Section 3. The results of Section 4 can be extended in several directions. The key convergence theorem, Theorem 4.2, can be proved under more general assumptions concerning the initial number of infectives. Speci cally, one can consider a sequence of epidemics ? E ( ) , each having the same ( nite) number and con guration of initial infectives.
The households (and hence individuals) are labelled so that the households containing initial infectives are given the lowest labels and the remaining households are labelled in increasing order according to . The rest of the construction of Note that the laws of H (n;j) (n 2 N; j 2 J ) play essentially no role in the proofs of Theorem 4.2 and its corollaries. Thus Theorem 4.2 holds under quite general assumptions concerning the laws of H (n;j) (n 2 N; j 2 J ), c.f. Ball and Donnelly (1995) and Ball (1996) . In particular the components of H (n;j) need not be independent and the point processes (n;j;k) L and (n;j;k) G need not be Poisson. However the threshold parameter R and the probability of a global epidemic occurring will often be di cult, if indeed possible, to compute explicitly under such more general assumptions.
It is also possible to develop a branching process which, for large , approximates the process of infected individuals in the epidemic E ( ) , rather than the process of infected households, and thus leads to a threshold parameter for the proliferation of infected individuals (c.f. Becker and Dietz (1995) , who consider the spread of a highly infectious disease among a single-type population partitioned into households, in which once one individual in a household becomes infected then so does the entire household). In order to obtain an appropriate limiting branching process, infectious individuals are classi ed as a primary case if they are the rst to be infected in their household and as a secondary case otherwise. The limiting branching process has type space N J C, where J indicates the class of an individual and C = fP; Sg indicates whether an individual corresponds to a primary or secondary infective. All global contacts in the epidemic process correspond to the birth of a primary individual in the branching process. All successful local contacts in the epidemic process correspond to the birth of a secondary individual in the branching process, whose parent is the primary individual corresponding to the rst person to be infected in its household. Thus, in the branching process, primary individuals beget both primary and secondary individuals, but secondary individuals beget only primary individuals. It is straightforward to extend Theorem 4.2 and Corollaries 4.3 and 4.4 to this new setting. Of course, the two branching processes have the same extinction set A.
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Finally, almost sure convergence of a wide range of other functionals of the epidemic E ( ) to corresponding functionals of the limiting branching process can be proved, c.f. Ball and Donnelly (1995) .
5. Final outcome in the event of a global epidemic 5.1. Introduction. In this section, the nal outcome in the event of a global epidemic is considered. In Section 5.2, a heuristic argument is used to determine the limiting mean proportion of individuals of di erent classes that are ultimately infected by a global epidemic, as ! 1, from which, for n 2 N, the limiting distribution of the total size of the epidemic within a typical household of category n that does not contain any initial infectives can be determined. In Section 5.3, a multivariate central limit theorem for a set of functionals de ned on the epidemic process is derived, in the event of a global epidemic, which inter alia provides a rigorous proof of the results obtained in Section 5.2.
Mean behaviour | heuristic argument. Consider the sequence of epidemics
? E ( ) , described in Section 4.1, and suppose that the initial number and con guration of infectives is nite and the same for each E ( ) . Suppose also that is large and that a global epidemic occurs. For i 2 J , let z ( ) i be the expected proportion of initial class j susceptibles that are ultimately infected by the epidemic E ( ) , z i = lim !1 z ( ) i and let T ( ) i denote the sum of the infectious periods of all the class i infectives present in the entire course of the epidemic.
Fix attention on a household, of category n say, that did not contain any initial infectives. For i 2 J , the probability that a given class i individual avoids global infection throughout the entire epidemic is given by For i 2 J , z i can be interpreted as the limiting probability (as ! 1) that an initial class i susceptible chosen at random from the population is ultimately infected by the epidemic. This probability can also be determined by conditioning on the category of household within which the chosen individual resides and noting that, if it resides in a household of category n then the probability that it avoids infection by the epidemic is E Ñ n;i ]=n i , whereÑ n;i denotes the number of class i susceptibles ultimately infected by the epidemicẼ (n;0) ( ; L ). Thus
(5.2) where~ n;i = E Ñ n;i ] (n 2 N i ; i 2 J ). The~ n;i 's can be evaluated using Theorem 3.1.
Note that, after substituting for from (5.1), (5.2) is a set of J implicit equations for z = (z 1 ; z 2 ; : : : ; z J ), which in practice can be solved numerically. For the singletype epidemic, Ball et al. (1997) investigated the roots of (5.2) by showing that the right hand side of (5.2) is a convex function of z, which was then a scalar. Such an approach is likely to be extremely complicated, if indeed tractable, in the multitype setting, and consequently it is fruitful to derive an alternative representation for the right hand side of (5.2).
Consider a household of category n 2 N and label its individuals (i; j) (i 2 J ; j = 1; 2; : : : ; n i ) in the obvious fashion. Let ( ; F; P) be a probability space on which are de ned the following independent sets of random quantities: (i) for i 2 J , H (n;i) j (j = 1; 2; : : : ; n i ), independent and identically distributed according to the infectious career H (n;i) ;
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(ii) for i; j 2 J and k = 1; 2; : : :n i , (n;i;j) kl (l = 1; 2; : : : ), independent and uniformly distributed on f1; 2; : : : ; n j g. These random quantities can be used to determine the spread of local infection within the household by ignoring the components of the infectious career which govern global contacts. For the present construction, H (n;i) j denotes the infectious career of (i; j) and ? j; (n;i;j) kl denotes the individual contacted at the lth class j local contact made by the individual (i; k), if it becomes infected. Let H n = f(i; j) : i 2 J ; j = 1; 2; : : : ; n i g and let G n be the random directed graph on H n in which, for any ordered pair ? (i 1 ; j 1 ); (i 2 ; j 2 ) of distinct individuals in H n , there is a directed arc joining (i 1 ; j 1 ) to (i 2 ; j 2 ) if and only if (i 1 ; j 1 ), if infected, contacts locally (i 2 ; j 2 ). For (i; j) 2 H n , let S (n) ij = (i; j) ( yielding another set of J implicit equations for z. In fact, (5.2) and (5.3) are the same sets of equations. This can be seen either by lengthy algebraic manipulation involving M obius inversion formulae for symmetric sampling procedures (Martin-L of (1986)) or by noting that the right hand sides of (5.2) and (5.3) can both be expressed as polynomials in and hence must be identical. The usefulness of the form (5.3) is that is corresponds to the equations governing the extinction probabilities of a certain multitype Galton-Watson process, which is now described, and thus the number of its roots follows directly from the theory of such processes. since N n;k;i is the total number of class i individuals infected by the single household epidemic E (n;k) (initiated by a single class k infective in a household of category n) and the conditional probability that (i; 1) is infected given N n;k;i is N n;k;i =n i .
Alternatively proportions of initial susceptibles of di erent classes which are ultimately infected by a global epidemic is given byẑ. Further, the limiting distribution of the total size within a typical household of category n that does not contain any initial infectives is given by the total size distribution of the epidemicẼ (n;0) (^ ; L ), where^ is obtained by replacing z byẑ in (5.1), and thus can be calculated using the theory of Section 3.
It is not the purpose of this paper to give a thorough discussion of conditions for M andM to be positively regular, or to give an analysis of the case when either or both of these matrices are not positively regular. However, note that, since u ii > 0 (1986) for analysis and discussion of multitype Reed-Frost epidemic processes in a non-household setting, which are not positively regular.
5.3. Gaussian approximations. In order to provide a rigorous proof of the heuristic results given in Section 5.2 and to develop a central limit theorem for the nal outcome of a global epidemic, we adapt the embedding arguments of Scalia-Tomba (1985) , (1990) and Ball et al. (1997) to the present multiclass households setting. In Section 5.3.1 a Sellke (1983)-type construction of our epidemic model is given, treating rst the spread of an epidemic among a single household and then the spread among a population of households, and an equation satis ed by the nal outcome of the latter epidemic is derived. This equation is the basis of the weak law of large numbers and central limit theorem for the nal outcome of our epidemic model, proved in Sections 5.3.2 and 5.3.3, respectively. 5.3.1. Construction and nal outcome of epidemic Consider rst the following model for the spread of an SIR epidemic, with outside infection, among a single household of category n. Label the individuals in the household (i; j) (i 2 J ; j = 1; 2; : : : ; n i ). Let (Q L ij ; Q G ij ; Q I ij ) (i 2 J ; j = 1; 2; : : : ; n i ) be independent vector random variables, whose components are also independent, where, for i 2 J , Q L ij and Q G ij (j = 1; 2; : : : ; n i ) are negative exponentially distributed with mean 1 and Q I ij (j = 1; 2; : : : ; n i ) are distributed according to T (i) I . Let T = 0; 1] J , x t = (t 1 ; t 2 ; : : : ; t J ) 2 T and suppose that each individual of class i is exposed to t i units of global infection, in the sense that (i; j) is infected globally if and only if Q G ij t i .
Globally infected individuals trigger a local epidemic, in which at any given time, the number of class k infectives in the household at the given time. A susceptible individual, (i; j) say, is infected locally when its local exposure to infection reaches Q L ij . If (i; j) is infected (either globally or locally) by the epidemic then its infectious period is Q I ij . This construction gives a realisation of the epidemicẼ (n;0) ( ; L ) described in Section 3, with i = exp(?t i ) (i 2 J ).
The above epidemic terminates as soon as there are no infectives present in the household. Let A(t) = ? A 1 (t); A 2 (t); : : : ; A J (t) denote the severity of the epidemic, where, for i 2 J , A i (t) is the sum of the infectious periods of all the class i individuals infected by the epidemic. Let R(t) = ? R 1 (t); R 2 (t); : : : ; R p (t) be a vector of p other nal outcome quantities de ned on the epidemic. Thus, for example, R j (t) could be the number of class 1 individuals infected by the epidemic, the indicator function of the event at least one class 2 individual is infected by the epidemic or, in an inferential setting, the score statistic for L 11 .
Note that the single set of random variables (Q L ij ; Q G ij ; Q I ij ) (i 2 J ; j = 1; 2; : : : ; n i )
de nes a family of epidemics, indexed by t 2 T , and thus a process ? R(t); A(t) = ? R(t); A(t) ; t 2 T . For n 2 N, let ? R (n;k) (t); A (n;k) (t) (k = 1; 2; : : :) be independent and identically distributed copies of ? R(t); A(t) where now the dependence on household category is explicitly shown. Consider now the model described in Section 2 but suppose that the epidemic is initiated by exposing the population to T 0 = (T 01 ; T 02 ; : : : ; T 0J ) units of global infection. I.e., for i 2 J , each class i individual is exposed to N ?1 i T 0i units of global infection. A realisation of this model can be obtained by using the processes ? R (n;k) (t); A (n;k) (t) (n 2 N; k = 1; 2; M n ) or, more precisely, the (Q L ij ; Q G ij ; Q I ij )'s underlying those processes. For t 2 T , let
? R (n;k) (t); A (n;k) (t) :
The nal outcome of the epidemic among a population of households can be determined as follows (c.f. Ball et al. (1997) and t 2 T , let a n (t) = E A (n;1) (t) . For t 2 T , let a ( ) (t) = P n2N ( ) n a n (t) and a(t) = P n2N n a n (t). For any f : T ! R J , written f(t) = ? f 1 (t); f 2 (t); : : : ; f J (t) , let jjf(t)jj T = sup t2T max i2J jf i (t)j. Let 1 = (1; 1; : : : ; 1), where the dimension of 1 is J. Then clearly P( T 1 = 0) p EXT . We now show that P( T 1 = 0) = p EXT . Fix > 0 and choose a nite N N such that n > 0 (n 2 N ) and the branching process Z , obtained from Z by ignoring all births corresponding to global contacts with households in N n N , has extinction probability p EXT p EXT + =3. Next, choose 2 (0; 1) such that the branching process Z , obtained from Z by ignoring any birth independently with probability , has extinction probability p EXT ( ) p EXT + 2 =3.
Further, for all su ciently large , say 0 , the branching process Z ( ), de ned as Z but with n (n 2 N) replaced by ( ) n (n 2 N), has extinction probability p EXT ( ; ) p EXT + .
For n 2 N, let R n (t) denote the nal outcome variable de ned by R n (t) = 1 fhousehold infected and is of category ng :
Then, provided R ( )
n for all n 2 N , the branching process Z ( ) is a lower bound for the epidemic E ( ) (c.f. Whittle (1955) , Ball and Clancy (1992) , Andersson (1993) and Ball et al. (1997) Let r n (t) = E R n (t)j household is of category n] (n 2 N ). Then it is easily veried that (5.7) holds with A ( ) (t) and a(t) replaced by R ( ) n (t) and n r n (t), respectively. It follows that there exists c > 0 such that ? R (t); A (t) . Classical weak convergence theory utilising the Skorokhod metric leads to tightness conditions that are extremely di cult, if indeed possible, to verify in the present setting. Thus instead we use the theory expounded in van der Vaart and Wellner (1996) for convergence in distribution in spaces of bounded functions equipped with the supremum metric and use to denote weak convergence. Note also that A i (t) (i 2 J ) are nal outcome quantities, so it is su cient just to consider R (t) . We assume that, for i = 1; 2; : : : ; p, R i (t) is non-negative and nondecreasing in t j (j 2 J ) and R i (0) = 0.
For n 2 N and t; s 2 T let r n (t) = ? r n1 (t); r n2 (t); : : : ; r np (t) = E R (n;1) (t)]
and c (n) ij (t; s) = cov R (n;1) i (t); R (n;1) j (s) (i; j = 1; 2; : : : ; p). where X = ? X 1 (t); X 2 (t); : : : ; X p (t) ; t 2 T c is a zero-mean Gaussian process with covariance function given by cov ? X i (t); X j (s) = P n2N n c (n) ij (t; s) (t; s 2 T c ; i; j = 1; 2; : : : ; p). 
where R (n;k) = P p i=1 P ki j=1 ij R (n;k) i (t ij ). Note that R (n;k) (n 2 N; k = 1; 2; : : : ; M n ) are independent. Thus, by Ser ing (1980) Corollary 1.9.3, a su cient condition for Thus the third displayed condition of Theorem 2.11.9 of van der Vaart and Wellner (1996) is satis ed.
Finally, de ne the metric on T c by (t; s) = max j2J jt j ? s j j. Then, for any sequence ( ) 
Hence, the second displayed condition of Theorem 2.11.9 of van der Vaart and Wellner (1996) We turn nally to a central limit theorem for the nal outcome in the event of a global epidemic. Given the special role played by the severity process A ( ) in determining the nal outcome of the epidemic, see (5.8), it is convenient to return to the setting where the A ( ) and R ( ) are notationally distinct. For t 2 T , let r ( ) (t) = P n2N ( ) n r n (t) and r(t) = P n2N n r n (t). For n 2 N and t; s 2 T , let C (n) (t; s) be the (J +p) (J +p) matrix with elements c (n) ij (t; s) = cov ?R (n;1) i (t);R (n;1) j (s) , wherẽ R (n;1) (t) = ? R (n;1) (t); A (n;1) (t) (t 2 T ), and let C(t; s) = P n2N n C (n) (t; s All the parameters of the central limit theorem, Theorem 5.3, can be determined using Theorem 3.1.
Extensions and special cases
The basic model described in Section 2 is more general than what is perhaps apparent at rst sight. Obviously, the single type household model and the multitype non-household model arise as special cases, but a number of generalisations can be studied within the framework of this paper by suitably extending the type space of individuals, two of which we now outline.
First, consider the spread of an SIR epidemic among a population comprising c cities, each of which is partitioned into households, with di erent infection rates for within-household, within-city and between-city contacts. This can be tted into our 34 FRANK G. BALL AND OWEN D. LYNE framework by enlarging the type space to include the city within which an individual resides. The asymptotic results of Sections 4 and 5 remain valid provided that the number of cities remains xed as the population becomes large. Alternatively, if the city sizes remain nite but the number of cities tends to in nity, then asymptotic results can be obtained by treating the cities as \super-households", although it is then di cult to calculate the parameters governing the asymptotic results. A third scenario, which does not t directly into our asymptotic regime, is to allow both the size and number of cities to tend to in nity. Higher order hierarchical schemes can also be considered.
Second, we can allow infection rates to depend on household category (i.e. let L = L (n) and G = G (n; n 0 ), where n and n 0 are the household category of the infective and susceptible, respectively) by simply letting the type of an individual also include the category of household in which it resides. The asymptotic results of Sections 4 and 5 apply directly if the set of household categories remains nite as ! 1, and the derivations can be modi ed accordingly if that is not the case.
